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Abstract
It is given an upper bound for the number of simple and distinct zeros of the polyno-
mial f + g, where f and g are relatively prime polynomials with complex coefficients.
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There are several questions related to the distribution and multiplicities of
the zeros of a given polynomial f ∈ C[X]. The number of simple and distinct
zeros, denoted by n1(f ) and n0(f ), respectively, plays an important role in
mathematical analysis and number theory, as well. The aim of this note is to give
a lower bound for these quantities.
Theorem. If f and g are relatively prime polynomials with degf > degg, then
we have
n0(f + g)max
{
1,deg(f + g)− n0(fg)+ 1
} (1)
and
n1(f + g)max
{
0,deg(f + g)− 2n0(fg)+ 2
}
. (2)
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Proof. Our proof is rather elementary and it is based upon the so-called abc-
theorem for polynomials. It seems like it was first remarked by Stothers [1], later
on it generalized by several authors; see Mason [2] and Brownawell and Mas-
ser [3].
Lemma. Let f , g and h be relatively prime polynomials in C[X] with f + g = h.
Then
max(degf,degg,degh) n0(fgh)− 1. (3)
We apply (3) to the polynomials f , g and f + g. It is plain that
deg(f + g)= max(degf,degg,deg(f + g)) n0
(
fg(f + g))− 1
= n0(fg)+ n0(f + g)− 1,
which yields (1). Furthermore, by the inequality
n0(f + g) n1(f + g)+ deg(f + g)− n1(f + g)2
= n1(f + g)+ deg(f + g)
2
, (4)
we obtain
deg(f + g) n0(fg)+ n1(f + g)+ deg(f + g)2 − 1, (5)
which gives the second part of the theorem. ✷
At this stage we note that a similar result was proved for the special case
f = fm1 and g = gn1 (m 2, n 2) by Brindza [4].
We mention two consequences for lacunary polynomials.
Corollary 1. Let f ∈C[X] be a polynomial with f (X)= f1(X)Xk+i+1 +f2(X),
where degf2 = i and (f1(X)X,f2(X)) = 1. The polynomial f (X) possesses at
least k + 1 distinct and max(0, k − degf1 − i + 1) simple zeros.
For a polynomial f (X)=∑ni=0 aiXi with a0 = 0 we introduce the notation of
lacunarity index L(f ). If
∏n
i=0 ai = 0, then L(f )= 0, otherwise
L(f )= max{k: ai = 0, ai+1 = · · · = ai+k = 0, ai+k+1 = 0
};
in other words, L(f ) denotes the largest gap between two nonzero terms of the
polynomial f .
Corollary 2. If L(f )= k, then f has at least k + 1 distinct zeros.
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As the example g(X)= (Xk+1 − 1)n shows, our observation is sharp. Indeed,
L(g)= k and it has k + 1 distinct zeros for k  0 and n 1.
Proof of Corollary 2. Supposing that L(f )= k, we have
f (X)= f1(X)Xk+i+1 + f2(X).
Now, let d(X) denote the greatest common divisor of f1(X) and f2(X). Then
f (X)= d(X)(f3(X)Xk+i+1 + f4(X)
)
,
where f3(X)X and f4(X) are relatively prime. By Corollary 1 we obtain f (X)/
d(X) has at least k + degd + 1 distinct zeros, thus Corollary 2 is proved. ✷
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